Abstract-Interference alignment (IA) is a promising technique that allows high capacity gains in interfering channels. On the other hand, iterative frequency-domain detection receivers based on the IB-DFE concept (Iterative Block Decision Feedback Equalization) can efficiently exploit the inherent space-frequency diversity of the MIMO MC-CDMA systems. In this paper we combine iterative IA precoding at the transmitter with IB-DFE based processing at the receiver for MC-CDMA systems. The receiver is designed in two steps: first a linear filter is used to mitigate the inter-user aligned interference, and then an iterative frequency-domain receiver is designed to efficiently separate the spatial streams in the presence of residual inter-user aligned interference at the output of the filter. The matrices for this nonlinear space-frequency equalizer are obtained by minimizing the overall mean square error (MSE) of all data streams at each subcarrier. Our receiver structure is explicitly designed taking into account the residual inter-user interference, allowing both an efficient separation of the spatial streams and a reduction in the number of iterations of the IA procedure. We also propose a simple, yet accurate analytical approach for obtaining the performance of the proposed receiver structure. Our scheme achieves the maximum degrees of freedom provided by the IA precoding, while allowing an almost optimum space-diversity gain, with performance close to the matched filter bound (MFB).
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I. INTRODUCTION
T HE increasing demand for wireless services has created the need for cost effective transmission techniques that can exploit scarce spectral resources efficiently. To achieve the high bit rates needed to meet the quality of service requirements of future multimedia applications, multi-carrier code division multiple access (MC-CDMA) has been considered as good air-interface candidate, especially for the downlink [1] , [2] . This scheme combines efficiently orthogonal frequency division multiplex (OFDM) and CDMA.
Therefore, MC-CDMA benefits from OFDM characteristics such as high spectral efficiency and robustness against multipath propagation, while CDMA allows a flexible multiple access with good interference properties [3] , [4] . However, the user capacity of MC-CDMA system is essentially limited by interference. This interference can be mitigated by employing precoding techniques [5] , [6] , iterative block decision feedback equalization (IB-DFE) based receivers [7] , [8] and other efficient interference suppression techniques, proposed for different scenarios [9] , [10] , [11] , [12] .
Conventional frequency domain equalization (FDE) schemes employ a linear FDE optimized under the minimum mean square error (MMSE) criterion. However, the residual interference levels might still be too high, leading to performance that is still several dB from the matched filter bound (MFB) [13] . Nonlinear time-domain equalizers are known to outperform linear equalizers and conventional, time-domain DFEs are known to have good performancecomplexity tradeoffs [14] . For this reason, there has been significant interest in the design of nonlinear FDEs in general and frequency-domain FDEs in particular, with the IB-DFE being the most promising nonlinear FDE [13] . IB-DFE was originally proposed in [15] and was extended for a wide range of scenarios in the last 10 years, ranging from diversity scenarios [16] , [17] , MIMO systems [18] and MC-CDMA systems [19] , [20] , among many other. Essentially, the IB-DFE can be regarded as a low complexity turbo equalizer implemented in the frequency-domain that does not require the channel decoder output in the feedback loop, although true turbo equalizers based on the IB-DFE concept can also be designed [21] , [22] . An IB-DFE-based scheme specially designed for offset constellations (e.g. OQPSK, and OQAM) was also proposed in [23] . In the context of cooperative systems, an IB-DFE approach was derived to separate the quantized received signals from the different BSs [24] .
Recently, analysis of interference channels has shown that each users' capacity on an interference channel is one half the rate of its interference-free capacity in the high transmit power regime, regardless of the number of users [25] . One interesting scheme to efficiently eliminate the inter-user interference and achieve a linear capacity scaling is interference alignment (IA) [25] . This recent technique allows the transmitters to align in the unwanted users' receive signals in any dimension, through the use of precoders. With this strategy more interferers can be completely cancelled than with other interference cancellation methods, thus achieving the maximum degrees of freedom (DoF) [26] . Applications of IA include cellular networks, twoway communication networks, cooperative communication networks, cognitive radio networks, etc. [27] . An explicit formulation of the precoding vectors achieving IA for time or frequency selectivity channels has been presented in [25] . A two-stage optimization of the precoding and decoding matrices in the 3-MIMO constant interference channels was proposed 0090-6778/14$31.00 c 2014 IEEE in [28] . As closed-form solution for constant channels is still unknown except with 3 users, iterative algorithms [29] - [31] have been proposed for an arbitrary number of transmitterreceiver pairs. In [29] some examples of iterative algorithms were presented, where advantage of the reciprocity of wireless networks to achieve interference alignment with only local channel state information (CSI) knowledge at each node is taken. An MMSE-based iterative IA scheme was proposed in [30] . Several iterative linear precoding designs using alternating minimization were proposed in [31] . Most of these iterative algorithms require significant number of iteration to align the inter-user interference and exchange of information between the transmitter-receiver pairs at each step [31] . An overview of practical issues including performance in realistic propagation environments, the role of CSI at transmitter, and the practicality of IA in large networks was given in [32] .
In this paper we consider MIMO MC-CDMA systems with iterative IA precoding at transmitter and iterative frequencydomain receivers based on the IB-DFE concept. To the best of our knowledge joint IA-precoding and IB-DFE based equalizer for MC-CDMA systems has not been addressed in the literature. The main motivation to consider this combination, is that IA based techniques achieve the maximum DoF in MIMO interference channels. However, they cannot by themselves efficiently exploit the space-frequency diversity inherent of the MIMO MC-CDMA systems. On the other hand, IB-DFE based receivers are well known to be one of the most efficient techniques to exploit this space-frequency diversity. Therefore, this combination allows us to design a system that is able to achieve maximum DoF (number of spatial stream per subcarrier) and exploit the high diversity order inherent to these systems. In the proposed scheme the chips are IA-precoded instead of the data symbols as in narrowband or OFDMbased systems. The proposed receiver structure is designed in two steps: first a linear filter is used to mitigate the interuser aligned interference, and then an IB-DFE based equalizer is employed to efficiently separate the spatial streams. The matrices for this non-linear space-frequency equalizer are obtained by minimizing the overall mean square error (MSE) of all data streams at each subcarrier. In the design of the equalizer, we explicitly take into account the residual interuser interference, allowing not only an efficient separation of the spatial streams but also a reduction the number of iteration in the IA procedure, and thus also reducing the information needed to be exchanged between the different transmitter-receiver pairs. Furthermore, we propose a simple, yet accurate analytical approach for obtaining the performance of the proposed receiver structure.
The remainder of the paper is organized as follows: Section II presents the MIMO IA-precoded MC-CDMA system model. Section III, starts by briefly presenting the iterative IA-precoding considered in this paper. Then, the proposed receiver structure is presented in detail and an analytical approach for obtaining the performance is discussed. Section IV presents the main performance results, both numerical and analytical. The conclusions will be drawn in Section V.
Notation: Throughout this paper, we will use the following notations. Lowercase letters, boldface lowercase letters and boldface uppercase letters are used for scalars, vectors and matrices, respectively. 
II. SYSTEM MODEL
We consider a K-user MIMO interference channel with constant coefficients on a per-subcarrier basis. It comprises K transmitter-receiver pairs sharing the same physical channel, where a given transmitter only intends to have its P k spatial data symbols on each subcarrier decoded by a single receiver. Without loss of generality, we consider a symmetric case where all transmitters and receivers have M antennas, and P k = P ∀k, which is denoted by an (M, M, K) interference channel with P data symbols persubcarrier. It has been shown that for K ≤ 3, the number of spatial DoF achievable in an (M, M, K) interference channel is KM/2, while for K > 3 the overall spatial DoF achievable is only
Therefore, our system achieves KM/2 and P t spatial DoF per-subcarrier for K ≤ 3 and K > 3, respectively. Fig. 1 shows the proposed kth MC-CDMA based transmitter. As can be seen, each one of the P L-length data symbols blocks,
) is selected from the data according to given mapping rule, is spread into L chips using orthogonal Walsh-Hadamard codes, leading to the block {s k,p,l ; p = 1, . . . , P, l = 0, . . . , L − 1}. Then, a set of P chips (one of each block) is weighted by an IA-precoding matrix. Note that here the IA-precoding is applied on a chip level instead of data level as in the conventional IA systems. The signal after the IA precoding at the kth transmitter subcarrier l can be written as
where W k,l ∈ C M×P is the linear precoding matrix computed at the kth transmitter on subcarrier l, constrained to W k,l 2 F ≤ T p and T p is the transmit power at the transmitters, with
T . Finally, the precoding signals are mapped into the OFDM symbol and the cyclic prefix (CP) is inserted. The received frequency-domain signal (i.e., after cyclic prefix removal and FFT operation) for the kth receiver and the lth subcarrier is given by
provided that the cyclic prefix is long enough to account for different overall channel impulse responses between the transmitters and the receivers (i.e., including transmit and receive filters, multipath propagation effects and differences in the time-of-arrival for different transmitter-to-receiver links).
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Proposed MC-CDMA transmitter with interference alignment precoding.
k,j,l denotes the overall channel between the transmitter j and receiver k on subcarrier l, where H (iid) k,j,l contains the fast fading coefficients which is assumed to have i.i.d CN (0, 1) entries (independent, identically distributed complex normal random variables) and α k,j represents the long term channel power on the same link. n k,l is the additive white Gaussian noise (AWGN) vector at receiver k on subcarrier l, i.e., n k,l ∼ CN 0, σ 2 n I M . As can be seen from Fig. 2 , the detection procedure is done in two steps: first a linear filter is used to mitigate the aligned user's interference. Thus, the signal after the filtering process is given by
where Φ k,l ∈ C M×P denotes the linear receiving filter. Second, a non-linear equalizer based on IB-DFE principle is designed to efficiently separate the spatial P L-length data block, considering the equivalent channels provided by the first block.
III. ITERATIVE EQUALIZER DESIGN
In this section we start by briefly reviewing the iterative minimum interference leakage (IL) IA precoding algorithm [31] . We only selected this iterative IA for simplicity, but our iterative second step equalizer structure can be easily extended considering other iterative IA schemes such as the ones of [30] , [31] . Then, the proposed non-linear iterative space-frequency equalizer is presented in detail.
A. IA Precoders
In constant MIMO interference channel, closed-form solutions have been found in only a few specific cases [31] (e.g. K ≤ 3), thus we consider an iterative approach for a general case. The aim is to precode the signal at transmitter j in such a way that the interference caused by that transmitter in receiver k, with k = j, is nearly orthogonal to a subspace of its receive space. This subspace, with orthonormal basis Φ k,l , and precoders are jointly designed to optimize an appropriate cost function. The iterative interference leakage algorithm minimizes the total IL that remains at each receiver after attempting to cancel the aligned interference by left multiplication with Φ H k,l for each user k (see (3) ). The global function to optimize is
which is usually denoted by IL. The optimization problem can be formulated as (5) at the top of the next page. A simple approach to solve this problem is to use an alternating minimization procedure [31] . This algorithm takes the following iterative form: 1) Define an arbitrary orthogonal basis Φ k,l for each receiver subspace on each subcarrier 2) Find the precoder matrix W j,l such that each node has maximum squared Euclidean distance between it and the subspace spanned by the columns of each Φ k,l , by using
3) Update the receiver orthonormal subspaces according to
4) Repeat steps 2 and 3 until convergence. This can be carried out until IL (t) < ε if feasibility conditions are met, or | IL (t − 1) − IL (t)| < ε otherwise, for an arbitrary threshold ε. The index t refers to the iteration number and it was dropped in the above equations for simplicity. The subspace Φ k,l is reserved for each k's signal (i.e., for each user) on each subcarrier, thus the IA at receiver k on subcarrier l is ideally orthogonal to this subspace. Then, each receiver must still separate the desired spatial streams after the interference aligned has been mitigated with left multiplication of Φ H k,l . A standard MMSE linear equalizer can be employed for this purpose. Therefore, in the conventional receiver a linear equalizer G k,l is formed by multiplying Φ H k,l and the linear spatial equalizer G k,l , which neglects the residual interuser aligned interference and equalizes only the desired signal, Fig. 3 . Iterative receiver PIC equalizer based on IB-DFE principle.
B. Iterative Equalizer Design
It is well known that for MC-CDMA based systems, linear equalization is not efficient to separate the spatial streams due to the residual inter-carrier interference (ICI). In the context of IA based systems, it also neglects the residual interuser aligned interference. Therefore, a conventional equalizer design may not be the best strategy. As mentioned, the subspace Φ k,l should be ideally orthogonal to interference aligned subspace, but full orthogonality may be not possible for some practical scenarios [32] and/or requires a significant number of iterations [31] . Thus, we design a new non-linear receiver structure based on IB-DFE principles which also takes into account the residual inter-user interference so that perfect alignment constraint can be relaxed. This receiver is quite efficient to separate the P L-length data symbol blocks, even for the case where the system suffers from residual inter-user interference, and thus the full orthogonality requirement can be relaxed. Fig. 3 shows the main blocks of the IB-DFE based procedure. For each iteration we detect all P L-length data blocks of the kth receiver, in a parallel way, using the most updated estimated of the transmit data symbols to cancel the residual interference, which it could not be cancelled in the first equalizer block. Thus, our receiver can be regarded as an iterative parallel interference cancellation (PIC). However, as with conventional IB-DFE based receivers, we take into account the reliability of the block data estimates for each detection procedure. At the ith iteration, the signal at kth receiver on lth subcarrier, before the despreading operation is given by,
where
k,l ∈ C P ×P denoting the feedforward matrix and
can be rewritten as
res. inter-user aligned interf.
where H eq k,j,l ∈ C P ×P represents the equivalent channels after the IA procedure, and s
where the block s
. . , L − 1 is the spreading of the pth de-spreading block average values conditioned to the detector output d
the average values are given by (see [19] for details),
and
The extension to other constellations is considered in [34] , [35] . The hard decision associated to the symbol d k,p,l are d
. It can be shown that s
T has zero mean and
k,P , with correlation coefficients defined as
being a measure of the pth L-length block estimates reliability associated to the ith iteration, which can be approximately given by
with
For a given iteration and at each receiver, the iterative non-linear equalizer is characterized by the coefficients F k,l . These coefficients are computed to minimize the average bit error rate (BER) of all P streams and for a QPSK constellation with Gray mapping the BER of the kth receiver, can be approximately given
where Q (x) denotes the well-known Gaussian function and MSE
k,l is the overall mean square error of the spreading samples given by,
. (17) After some mathematical manipulations, it can be shown that (17) can be rewritten as (18) at the top of the next page.
The different correlation matrices of (18) are given by,
n I P , being the correlation matrices of data symbols and residual noise.
From (15) we can see that to minimize the average BER at each receiver, we need to minimize the overall MSE at each subcarrier. The optimization problem can be formulated as,
We use the Karush-Kuhn-Tucker (KKT) [36] conditions to solve the optimization at each step with all but one variable fixed. The Lagrangian associated with this problem can be written by (21) where μ k is the Lagrangian multiplier [37] . The KKT conditions are,
After lengthy mathematical manipulation we obtain the feedforward and feedback matrices, given by (23) and B
(i)
The Lagrangian multiplier is selected, at each iteration i,
fulfilled. It should be pointed out that for the first iteration
k is a null matrix and s k,l is a null vector. Considering the proposed receiver scheme of Fig. 2 , where the standard MMSE/ZF equalizer is replaced by our proposed IB-DFE equalizer, we slightly increase the complexity of this block. However, it should be emphasized that the main complexity issues come from the computation of matrix F (i) k,l , and to compute it we only need to invert a P × P matrix on each subcarrier, irrespective to the number of antennas and users. Although, the complexity of the equalizer block is increased, the complexity to compute the joint precoders and filters (iterative IA procedure) can be significantly reduced (the fully orthogonally constraint can be relaxed) since our equalizer is designed to deal with the residual inter-user aligned interference. As a consequence of this reduction in the number of iterations, the information needed to be exchanged between the different transmitter-receiver pairs is reduced.
IV. PERFORMANCE RESULTS
In this section we present a set of performances results, analytical and numerical, for the proposed receiver structure (IA equalizer with IB-DFE based equalizer). We consider three scenarios:
• 3 (K = 3) transmitter-receiver pairs, each equipped with 2 (M = 2) and transmitting simultaneously 1 (P = 1) L-length data block (with L = 128), referred as (2, 2, 3) interference channel with P = 1.
• 3 (K = 3) transmitter-receiver pairs, each equipped with 4 (M = 4) and transmitting simultaneously 2 (P = 2) L-length data block, referred as (4, 4, 3) interference channel with P = 2.
• 4 (K = 4) transmitter-receiver pairs, each equipped with 5 (M = 5) and transmitting simultaneously 2 (P = 2) L-length data block, referred as (5, 5, 4) interference channel with P = 2. The FFT size is set to 128 and a QPSK constellation under Gray mapping rule is considered. The channels between each transmitter and receiver pair are uncorrelated and severely time-dispersive, each one with rich multipath propagation and uncorrelated Rayleigh fading for different multipath components. Also, we assume perfect channel state information and synchronization. Our performance results are presented in terms of the average bit error rate (BER) as a function of E b /N 0 , with E b denoting the average bit energy and N 0 (18) denoting the one-sided noise power spectral density. In all scenarios we present the theoretical and simulation average BER performances for the proposed receiver structure. For the sake of comparisons we also include the matched filter bound (MFB) . Figs. 4, 5 and 6 show the performance results for (2, 2, 3) with P = 1, (4, 4, 3) with P = 2 and (5, 5, 4) with P = 2, respectively. In all these figures, the number of iteration for the IA procedure was set to 100, this number was found enough to have free inter-user aligned interference. We present results for 1, 2 and 4 iterations of the IB-DFE based equalizer.
Starting by analysing the results presented in Fig. 4 , it is clear that the proposed analytical approach is very precise for the first iteration, where the IB-DFE based equalizer reduces to a linear MMSE-based frequency domain equalizer, since Ψ (0) k is a null matrix and s k,l is a null vector. Although there is a small difference between theoretical and simulated results for the subsequent iterations, our analytical approach is still very accurate, with differences of just a few tenths of dB. The difference is slightly higher for the second iteration, decreasing as we increase the number of iterations. This behavior is a consequence of the accuracy of the Gaussian approximation that is behind our theoretical results. For a severely timedispersive channel with rich multipath propagation the ISI is high, which validates the Gaussian approximation of the residual interference after the first iteration. For the second iteration we reduce significantly the ISI, which makes the Gaussian approximation less accurate. However, as we increase the number of iterations we remove almost entirely the ISI (especially for large E b /N 0 and, consequently, small BER) and we converge to a noise-only scenario where, once again, the Gaussian approximation is valid. Errors in the computation of the reliability of the estimates employed in the feedback loop (which are only accurate for the first iteration (zero reliability) and when we have very low BER (which means that the estimates are accurate, i.e., its reliability is 1)) also contribute to higher differences between theoretical and simulated results especially at the second iteration. As expected, the BER performance improves with the iterations and its can be observed that for the 4th iteration the performance is close the one obtained by the MF.
From Fig. 5 , we can also observe that the BER performance approaches the MFB after just a few iterations (typically 3 or 4 iterations). We can see that the performance gap between the first iteration (linear MMSE-based equalizer) and the fourth one is higher than in the scenario of Fig. 4 . Note that for this scenario the IB-DFE based equalizer must deal with interblock interference, since 2 128-length blocks are transmitted simultaneously by each transmitter, and residual inter-carrier interference. Therefore, the proposed scheme is quite efficient to separate the spatial streams and achieve the high diversity order inherent to this scenario, with only a few iterations.
From Fig. 6 we basically can arrive at the same conclusions as for the results obtained in the previous scenario. Increasing the number of users to 4 with P = 2, we also need to increase the number of antennas to 5, in order to fulfil the feasibility conditions for the alignment as discussed in Section II. This additional number of antennas is used to increase the overall DoF keeping the inherent diversity at the same level as the previous scenario (K = 3), and thus the performance is basically the same. The results of Figs. 7 and 8 were obtained for the same parameters of the Figs. 5 and 6, respectively, but now the number of iteration for the IA procedure was set to 10. We also present results for 8 iterations of the IB-DFE based equalizer. In this case the inter-user aligned interference cannot be neglected and may have a significant impact on the system performance. From these figures, we can see that the analytical approach proposed for the receiver structure is accurate, as in the previous scenarios.
It can be seen that the performance degradation for the first iteration is significant when compared with Figs. 5 and 6 (about 2dB for BER= 10 −2 ). However, for the fourth iteration the performance degradation regarding to the Figs. 5 and 6 is much lower (approximately 0.7 dB for both). This means that our proposed scheme is able to efficient mitigate the residual inter-user interference.
Hereinafter, the curves for the analytical approach are not added to the figures only for clarity. Fig. 9 presents results for (4, 4, 3) with P = 2, 1 and 4 iterations for the IB-DFE based equalizer and several iteration for the IA procedure, 5, 10, 20, 50 and 100. When we have a single equalizer iteration there is a significant performance degradation from 100 to 5 IA iterations, since the residual inter-user interference increases as the number of IA iterations decreases. However, for the fourth equalizer iterations we can see that the performance degradation from 100 to 5 IA iterations is much lower. In fact, we have almost the same performance with 100 and 10 to 20 IA iterations, which means we can reduce significantly the number of IA iterations. Thus also reducing the information needed to be exchanged between the different transmitterreceiver pairs.
The results of Figs. 10, 11 were obtained for the same parameters of the Figs. 4 and 5. The only exception was the number IA iteration set to 10. We compare the performance results of our propose scheme (referred in these curves as Robust) against the case where the residual aligned interference was ignored in the equalizer design, i.e., the term (23) is not considered (referred in these curves as Non-Robust). From these figures we can see Fig. 11 . Performance of the proposed receiver structure (Rob.) against the non-robust approach (Non-Rob.) for (4, 4, 3) with P = 2 and 10 IA iterations. the significant performance impact that the residual inter-user aligned interference may cause if not taking into account on the design of the second equalizer, mainly for lower BER values. These results clearly show the robustness of our proposed receiver structure to the residual inter-user aligned interference.
V. CONCLUSIONS
In this paper we considered IA precoding, on a persubcarrier basis, at the transmitter with IB-DFE based processing at the receiver for MIMO MC-CDMA systems. The proposed receiver structure was designed in two steps: first a linear filter was considered to mitigate the inter-user aligned interference, and then an iterative frequency-domain equalizer was designed to efficiently separate the spatial streams. The matrices were obtained by minimizing the overall MSE of all data streams at each subcarrier. In the design of the proposed equalizer, we explicitly took into account the residual interuser aligned interference, and thus the full orthogonality constraint of the linear filter to the IA subspace could be relaxed. We also proposed a simple, yet accurate analytical approach for obtaining the performance of our receiver structure.
The results have shown that the proposed receiver structure is robust to the residual inter-user aligned interference and quite efficient to separate the spatial streams, while allowing a close-to-optimum space-diversity gain, with performance close to the MFB with only a few iterations of the equalizer. The proposed robust residual inter-user aligned interference allows significant reduction in the number of iterations of the IA process, and thus reducing the information needed to be exchanged between the different transmitter-receiver pairs. To conclude we can clearly state that the proposed receiver structure is an excellent choice for the IA-precoded MC-CDMA based systems. 
